EQUIVARIANT COHOMOLOGY FOR HAMILTONIAN 
TORUS ACTIONS ON SYMPLECTIC ORBIFOLDS 
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Abstract. We study Hamiltonian R-actions on symplectic orbifolds [M/S], where R 
and S are tori. We prove an injectivity theorem and generalize Tolman and Weitsman's 
proof of the GKM theorem | TW | in this setting. The main example is the symplectic 
reduction X//S of a Hamiltonian T-manifold X by a subtorus S c T. This includes the 
class of symplectic toric orbifolds. We define the equivariant Chen-Ruan cohomology 
ring and use the above results to establish a combinatorial method of computing this 
equivariant Chen-Ruan cohomology in terms of orbifold fixed point data. 

1. Introduction 

There has been a flurry of recent work computing a variety of algebraic invariants 
for orbifolds. In the present paper, we consider equivariant invariants of an orbifold 
equipped with a group action. Our orbifolds arise as global quotients [M/S] of a mani- 
fold by a torus acting with finite stabilizers, and our actions of a torus R on [M/S] arise 
as extensions of the action of S on M. We will discuss ordinary and stringy equivariant 
invariants, and relate our results to the current literature. We include several explicit 
examples coming from the symplectic reduction construction in symplectic geometry. 

Let T = 5^x---x5^bea compact torus and S c T a subtorus, with the quotient 
torus R := T/S. Let M be a T-manifold such that [M/S] is a compact R-Hamiltonian 
orbifold in the sense of ULTL We note that topological invariants of the orbifold [M/S] 
should be S-equivariant invariants of M. Hence the R-equivariant cohomology of the 
orbifold [M/S] is defined to be 

H*^([M/SlZ):=H*j(M,Z). 

Note that on the level of topological spaces, H*j(M, Q) = H*^(M/S, Q) but over Z they 
are not equal in general. See BHl for this kind of comparison. 

The main application comes from symplectic reduction. Let (X, co) be a connected, 
Hamiltonian T-manifold with moment map fij : X ^ t*, where t denotes the Lie algebra 
of T. We assume that /uj has a component that is proper and bounded below. For a 
subtorus S c T, containing the proper component, we have the natural inclusion s t 
of Lie algebras, and we let ns '■ t* ^ s* denote the dual projection. Then X is also 
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a Hamiltonian S-manifold with the induced moment map fis = ns ° /J-t '■ X ^ s* . 
For a regular value a 6 5*, we let M := ju^^ia) be the level set of the S moment map. 
The symplectic reduction X//S := [M/S] of X by the action of S at a is a compact 
symplectic orbifold which is Hamiltonian with respect to the residual torus action of 
R := T/S, in the sense of [|LT||. 

Classically, if 7 is a compact Hamiltonian T-manifold satisfying the GKM conditions, 
the GKM theorem li(jKM|| computes the T-equivariant cohomology of Y in terms of the 
fixed point data. Our first main result is to generalize the GKM theorem to compute 
//p([M/S], Z) by adopting the proof in [TW| to our setting as follows. Please note that 
the complete technical hypotheses of the theorems appear in the main body of this paper 
as noted. 

Theorem A (Theorems 14. 101 and 15.51 below). Let [M/S]^ be the suborbifold consist- 
ing the 0-dimensional R-orbits in [M/S], and let [Mi/S] the orbifold 1-skeleton, the 

suborbifold consisting of the 0- and 1-dimensional R-orbits in [M/S]. We have the 
following diagram ofR-equivariant natural inclusions 

[M/S]- [Mi/S] 

[M/S]^ 

When we take R-equivariant cohomology, the image of the injection 

i* : H*^([M/S],Q) ^ //^([M/S]^Q) 

is the same as the image of 

r : //;,([Mi/S],Q) ^ //;,([M/S]^Q). 

The map i* is injective in cohomology with integer coefficients, and the images ofi* and 
j* coincide in cohomology with integer coefficients, when the stabilizer subgroups are 
connected and the isotropy weights are primitive. 

Applying this theorem to compact symplectic toric orbifolds, we obtain the following. 

Theorem B (Theorem 16.11 below). Let S be an (m - n)-dimensional subtorus of the 
m-dimensional torus T which acts on C" canonically coordinate -wise. Let A be the 
moment polytope of the compact toric orbifold obtained as the symplectic reduction 
C™//S at a regular value. Then 

//r (C'7/S,Z) = SR(A) 

where SR(A) is the Stanley -Reisner ring of the polytope A. Note that this Stanley- 
Reisner description depends only on the combinatorial type of A. 

In the second part of this paper, we introduce the R-equivariant version of the Chen- 
Ruan orbifold cohomology ring, denoted //q^^ r([A//S]), for a Hamiltonian R-orbifold 



EQUIVARIANT COHOMOLOGY OF ORBIFOLDS 



3 



[M/S]. We use our orbifold GKM theorem to compute Horhfid^/^]) terms of fixed 
point data. Our definitions coincide with those found in the literature; we discuss this 
further at the end of Section |71 

As a vector space, the R-equivariant Chen-Ruan orbifold cohomology is defined 
to be 

HorbfliiM/S]) := ^H*^([MyS]). 

As a graded ring, we must add a shifted grading and define a twisted product given by 
the usual pull-cup-push formula (see, for example, [|FGl |GHK[ IJKKH ) 

77 O ^ := (elu U e^^ U Cuig, h)) for (77, 6 H*^m' x //^([MVS]), 

where ei,e2,e are the obvious inclusions of M^-^ := n to M^, and M^'' 
respectively. Here we adapt the formula from HBCSi IEJK[| to define the virtual class 
CM(g,h). Namely, for (g,h) e S x S, let TM\ms,i. = 0^gHom(//,5') t)e the weight 
decomposition of the tangent bundle of M restricted to M^-'' where H is the subgroup of 
S generated by g and h. Then the obstruction bundle on [M^ 'VS] is the T-equivariant 
vector bundle 



and the corresponding virtual class Cmig, h) is defined as the T-equivariant Euler class 
of'RM{g,h) 

CM(g,h) := ej(<RMig,h)) e Hj{M^\ 

The associativity of this product follows immediately from the excess intersection for- 
mula and the projection formula, as in UGHKllJKKl : 

Theorem C (Theorem 17 . 1 1 below). The ring Horb,R{VMI^V) with the twisted product is 
associative. 

To apply our GKM theorem to the computation of the equivariant Chen-Ruan coho- 
mology, we introduce a new ring (a/''7Yr(v[M/S]^), As a vector space, 

WHRiviM/Sf) := ^Hj(v{F^ c M)), 

geS 

where F is the S-invariant submanifold such that [M/S]^ = [F/S], and v(F^ c M) 
denotes the normal bundle to F^ in M. The product ★ is defined in Section [8] using the 
isotropy data for the T-action on each v(F^ c M). We then prove the following two 
results. 



Theorem D (Theorem [Obelow). The ring (A/''Kr(v[M/S]^), ★) is associative. 
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Theorem E (Theorem l8.4l below). The natural restriction map 

//„,,,r([M/S]) ^ NnHMMISt) 
is a homomorphism of graded associative rings. 

Thus when this map is injective over Q or Z, we may apply our orbifold GKM theorem 
to compute Harb,R{VMIS\) using only local isotropy data at the fixed orbifold points. 

In the final section, we compute the R-equivariant Chen-Ruan cohomology for the 
toric orbifolds and conclude with two presentations of the ring, first as a quotient ring, 
and second as a subring of a direct sum of polynomial rings. 

Acknowledgements. The authors graciously thank Rebecca Goldin, Eugene Lerman, 
Frank Moore, Reyer Sjamaar, and Ed Swartz for many helpful conversations throughout 
the course of this project. The first author thanks the Mathematical Sciences Research 
Institute for its hospitality and support in Spring 2010. The second author would like to 
express his gratitude to the Algebraic Structure and its Application Research Institute at 
KAIST for providing him an excellent research environment in 201 1-2012. 

2. Local normal forms 

In this section, we recall basics from [LTJ adapted to our setting. Our main focus is to 
provide a local normal form for a Hamiltonian R-orbifold [M/S]. Generically to define 
the Chen-Ruan invariants, it is best to think of orbifolds as stacks. As we are interested 
in global quotients, though, we do not need to use this full machinery. 

A locally free action of a group G on a space X is one where the stabilizer subgroup 
Gx of a point x is finite for each x e X. An orbifold [M/S] in this paper is defined as 
the quotient of a manifold M by a locally free action of a compact torus S. An orbifold 
chart for [M/S] may be given as follows: let jc 6 M and let Sx be the finite stabilizer of x 
in S. The group S^ acts on T^M and acts trivially on Tx{S ■ x). Hence the orbifold chart 
around [.x:/S,:] is given by with the induced action of Sj^. A symplectic orbifold 
([M/S], o)) is an orbifold [M/S] together with an S-invariant 2-form co e Q.^{M)^ such 
that for each x e M, oj induces the S;c-invariant 2-form 7D on the chart Jj^ which is 
closed at the origin and non-degenerate, i.e. the kernel of co^ '■ T^M T*M is T^iSx). 
A torus R acts on a symplectic orbifold ([M/S], a») if there is a short exact sequence 
S T ^ R of compact tori, and the group T acts on M extending the action of S, and 
o) e Q^(M)^ is a T-invariant 2-form. 

The R-action on ([M/S], co) is Hamiltonian if there is a T-invariant map // : M ^ 
r* where r := Lie R, satisfying the Hamiltonian condition, i.e. for each ^ 6 t, the 
infinitesimal vector field and dp.^ are related by 

coi^M, -) = dp^ 

where p^ : M ^ Ris the component of the moment map given by x i-^ {p{x),^). This 
is well-defined since r* = Ann 5 c t* . 
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For a function f : M ^ R and a critical point x e M of f, the Hessian of / is the 
map H(f)x : Tj^M T^M defined by i-> dx(-Cwf)^ where w is any local vector field 
around x such that w\x = Wx- Note that H{f)x does not depend on a local extension of 
Wx to a vector field. 

A function [/] : [M/S] ^ R. on an orbifold [M/S] is given by an S-invariant function 
f : M ^ R. An orbifold point is given by [S • x/S] = [x/S^]. An orbifold point 
[x/Sx] 6 [M/S] is a critical orbifold point for [/] if dxf = 0, i.e. x is a critical point 
for /. This is a well-defined notion since / is S-invariant. Indeed if dxf = 0, then 
e S • X, dyf = 0. Let F := Crit(/) c M be the set of critical points for /. Then the 
S-action preserves F and therefore, if F is a submanifold of M, then [F/S] is a critical 
suborbifold of [M/S]. When extending Bott's version of Morse theory to orbifolds, a 
key hypothesis will be that the critical set is a suborbifold of [M/S]. 

Let [/] : [M/S] ^ R be a function and [x/S,] e [M/S] a critical point. Then 
H{f)x{Wx) = dxi-Lwf) = for Wx e TxiSx), since £,„f = on a neighborhood of x by 
the S-invariance of /. Hence H{f)x factors through 

T M 

H(f)x : TxM ^ : ^ T;M. 
Tx(S ■ x) 

Furthermore, the image of H(f)x is contained in Ann Tx(S ■ x). Thus we can define the 
induced orbifold Hessian for [/] as the Sj--equivariant map 

TxM I TxM X 

H{f)x : — ^ > — = Ann r^(S • x). 

'^'^ Tx{S-x) \Tx(S-x)l 

A critical suborbifold [F/S] is non-degenerate if Vjc 6 F, 

T^F 

Tx(S ■ x) 

It is obvious that [F/S] is non-degenerate if and only if F is non-degenerate, since F is 
non-degenerate when kerH{f)x = TxF for all x e F. 

Since our orbifold is presented as a global quotient by a torus, we may explicitly 
write down the slice theorem and the local normal form, following [LT]. Let [M/S] be 
a compact, connected Hamiltonian R-orbifold where S T ^ R is the torus extension 
such that T acts on M. The corresponding maps of Lie algebras are s '-^ t -» r. We 
summarize what this implies as follows: 

(1) the class co e Q^{M)^ is actually T-invariant; 

(2) the S-action on M is locally free; 

(3) the map /i : M ^ r* is a T-invariant map; 

(4) we have the Hamiltonian condition a»(^M, -) = d/j.^, 6 t; and 

(5) Vx e M, cOx '■ TxM T*M induces an isomorphism 

TDx : TxM/TxiS ■ x) (TxM/TxiS ■ x))* = Ann r^(S ■ x). 
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For each x & M, let denote the stabilizer in T of the point x, and '■= Lie(Ti) its Lie 
algebra. 

Remark 2.1. For a form a e Q*(M)^ to induce an R-equivariant form on the orbifold 
[M/S], it must be S-basic, i.e. /x^or = for each ^ G s. If we define R-equivariant forms 
on [M/S] as suggested in HLML this coincides with the space of T-equivariant forms on 
M that are S-basic. 

We now turn to the linear algebra background needed to describe the local normal 
form for a Hamitlonian R-action on the orbifold [M/S]. 

Lemma 2.2. For every point x e M, there is a (non-canonical) T ^-equivariant isomor- 
phism 

T^M = Ann(5 e t^) (r^.CTx))-''^- , 

where the Tx-action on Ann(5 © tv) is the coadjoint action (and so is trivial, as Tx is 
abelian). Thus we have a Tx-equivariant isomorphism 

-'Ann(5©y©^ ^ 



TxiTx) TxiJx) 

Proof. If ^ e t;i, then the vector field ^m\x = 0, which implies that dxfJ^^ = by property 
(4) above. Thus for any tangent vector Vx, we have dxHiVx) 6 Ann t.v since {dxp{Vx), O = 
{dxH^, Vx) for every ^ e t^i. Therefore the image of TxM under the map dxiJ^ lies in 

Ann 5 n Ann t^^ = Ann (s © t J. 

The map dxH is actually a surjection. Using property (4), dxjJ.^ = implies ^m\x £ 
Tx{Sx). The dual map is (dxH)* : t/(5 © t,,) TIM. Let t^^^ := e t | ^m\x 6 
r;r(Sjc)} which is the Lie algebra of := 6 T | tx e S>x} and then it follows that 
ker((i;i/i)* = tv/(5 © t^). We can show that T;^ = S ■ Tv and so t^i = 5 © ix. In fact, if 
St e S ■ Jx then stx e Sx and conversely if tx e Sx (i.e. tx = sx for some s 6 S), 
then t~^s 6 Jx and so t e S ■ Jx. Thus dxfi : TxM Ann (s © t^) is surjective. By 
definition, ker(dxfj) = {v e TxM \ 0Jx(^m\x,v) = 0, 6 t} = {Tx(Tx)y"". By choosing a 
Tv-invariant splitting of the surjection dxfi, we have the isomorphism. The second claim 
follows from Tx{Tx) c (r,(Tx))-''^' . Indeed, 0Jx(^m\x, r]M\x) = (dxl^K 7]m\x) = 71m(m^)\x = 
for each ^, 77 e t where the last equality follows since : M ^ R is constant along 
Tx and t/^Ix 6 Tx{Tx). □ □ 

The following results are applications of standard results from the theory of Lie group 
actions. They are discussed further in [LTJ, and we have adapted them to our setting 
here. 

Theorem 2.3 (Slice theorem for the T-action on M). For each point x e M, there is a 
J -invariant neighborhood U of the orbit T • x and a T-equivariant isomorphism. 

TxM 

U = Txt ' , 
' TxiTx)' 
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where acts on T x by {t, [v,v]) ^ {ts~^, [5h.Vv]). 

As a corollary of Lemma [Z2l and the Slice Theorem l2.3l we obtain 

Corollary 2.4 (Local normal form for the T-action on M). For each point x e M, there 
is a T -invariant neighborhood U ofJ ■ x such that we have a T-equivariant isomorphism 

Ann (5 e t.,) e I • 

Both Theorem 12.31 and Corollary 12.41 may be rephrased as an orbifold slice theorem 
and an orbifold local normal form theorem, as in ULTL 

Theorem 2.5 (Orbifold slice theorem for the R-action on [M/S]). For every point 
[x/Sjc] 6 [M/S], there is an R-invariant orbifold neighborhood [U/S] of[x/Sx] such 
that we have an R-equivariant isomorphism 

[U/S] = [(T XT, W)/S] = R Xr,/3,, [W/S,], 

where R[,,/s,] := Tx/Sj^ andW := ^j^- 

Corollary 2.6 (Orbifold local normal form for the R-action on [M/S]). For each [x/Sx] € 
[M/S], there is an R-invariant orbifold neighborhood [U/S] of [M/S] such that we have 
an R-equivariant isomorphism 

[t//S] = RxR,,3^j |r*(R/R[,vs,.])e 

where R[.v/s,] = "^x/Sx- 

Remark 2.7. We can define and derive everything in this section by letting S be a sub- 
group of T, not necessarily a (connected) subtorus. 

3. Orbifold fixed points and the orbifold 1 -skeleton 

In this section, we use the local normal form of Corollary 12.61 to determine the orb- 
ifold fixed points and orbifold 1-skeleton of [M/S]. 

3.1. Orbifold fixed points [F/S]. The set [M/S]" of fixed orbifold points in [M/S] 
with respect to the R-action is a symplectic suborbifold, cf. IlLTl p. 4206]. If we let 
F := {x e M \ Tx = Sx}, then [F/S] = [M/S]". Moreover, since S acts on M locally 
freely, we have that x e F if and only if t/(5 © t;^) = 0. Thus the T-equivariant local 
normal form at a point x e F becomes Ux = T Xy, W where W := jj^- In this section, 
we compute F explicitly by using this normal form. 

Let Tvj be the connected component of T^ containing the identity element. Then 
Tv = T^jSx. In fact, for all tx e T.v, there are tx,i e Tr,i and 5 6 S such that tx = tx,is 
since T = T^ jS. Therefore 5 e T;^ n S = Sj^. 



¥ : [/ = T Xj, 



{Tx{Tx)r^ 
Tx(Tx) 
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Lemma 3.1. For a e Hom(Tv, S define a to be the induced map T^ISx /a(Sx). 
Then for a,/3 e Hom(T t-, S 



«Itv,i =/3|t,,, ^ a-fi = 0. 

Proof. Since = Tv,i • Sx, every element t 6 Tv can be written as t = ti ■ s for some 
element ti e Tx,i and s e S^. Thus, if alr^ i = >S|t, i, we have 

a(tmt)r' = a(s)(I3(s)r' e (a-yS)(S,). 

On the other hand, if (a - /3)(Tx,\) c (a - /3)(Sx), then (a - /3)(Tx,i) = 1 since Tx,\ is 
connected and S;r is discrete. □ 
Recall that in the local normal form, we may identify W := = ''^'riTx)'' • ^^^^ 
vector space is equipped with a T^^j -action. Let 

W= 

^eHom(Tt.i,5'') 

be the weight decomposition of the T^c i -action on W. 

Lemma 3.2. Under the 1 -equivariant local normal form isomorphism *F, for each point 
X e F, we have 

FnUx = T Xt, Wo. 

In particular, F is a manifold. 

Proof. Recall that T acts on [r,v] 6 T Xj^ W hy t ■ [r,v] = [tr,v]. Moreover, two 
equivalence classes [ri, vi] = [r2,V2] are equal if and only if there is some tx 6 T^. such 
that {r2tx^ , tx*V2) = (>'i,Vi), or equivalently if and only if r2r~^ e and (r2r~[^)^V2 = Vi. 
Therefore 

[r, v] is in the image of F n Ux under *P 

<=^> V? e T, 35 e S, such that t ■ [r,v] = s ■ [r, v], by definition of F 

'it eJ,3s e S, such that st~^ e Jx and (5'r^)*v = v 
<^ e Tv, 3sx 6 Sx, such that (txSx)*v = v. 

For the (<=) of the last equivalence, we observe that for a given element t e J, the 
element * in S such that s~^t eTx 'is unique up to S^^ = S n T^^. Let 

Wf := {v e W \ V?v e Tt, 3sx e Sx such that fe*v)*v = v}. 

Let W = 0,,Hom(T,,si) Then we can also write as Wp = 0„gHom(T„si) ^^ere 
the direct sum runs over a 6 Hom(Tv, S such that for each tx g Tx, there is an Sx 6 S,v 
such that a(txSx) = 1. However this condition is equivalent to a{Tx) = ctiSx), that is, 
a = 0. Thus by Lemma [3TT1 Wf = Wq, as desired. □ 
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Remark 3.3. We may also write F as 

F = {x6M|^Ml.ver,(Sx),V^6t} 

T M 

\xeM [^^|,]=Oin-^,V^et 

We will need the following technical lemma to prove Theorem l4.10[ 

Lemma 3.4. Lety e F n Uxfor x e F, then Jy = f]^,^^Qker a, where [f, v] e T Xj^ Wq 
corresponds to y under the local normal form and Vq, is the a -component ofv in the 
weight decomposition 

W= Wa. 

(!'eHom(T„5'') 

In particular, T^j = T^'j for all x' in the connected component of F containing x. 

Proof. It suffices to show this in the case when v = Vq. 0. If r 6 T^, then r ■ v] = 
[rr, v] = \t,v\. Therefore r 6 T_r and air) = 1, i.e. r 6 kera. If r e kera c T^^, then 
^ • v] = \rt, v] = \t, a{r)v] = [t, v], so r 6 Jy. This proves the first claim. 

Since a\j^^ = 0, T^j must be contained in every T^, where y is in the neighborhood 
U^. For any x,x' e F such that 3y 6 UxC\Ux>, T^j and i are the connected component 
of Tv containg 1, so they coincide. This proves the latter claim. □ 

3.2. Orbifold 1-skeleton [Mi/S], The union of 1-dimensional orbits in [M/S] corre- 
sponds to the union of (dimS + l)-dimensional orbits in M: let M° be the set of all 
points X e M such that Jx is (dimS + l)-dimensional, so that [M°/S] is the union of 
1-dimensional orbits. The orbifold 1-skeleton is by definition [(M° U F)/S]. In this 
section, we calculate M° explicitly using the normal form and show that the closure 
Ml of M° is M° U F. We then demonstrate that the closure of a connected compo- 
nent of M° is a manifold and [N/S] is a Hamiltonian R-orbifold. Since x £ M° 
if and only if t/(5 © i^) is one-dimensional, the T-equivariant isomorphism ^ becomes 
U, = T Xt, (Ann (s © © W) where W := ^^7^^^. We recall that 



ieHom(Tr.i ,Z) ffeHom(T,.,Z) 

are the weight decompositions with respect to the actions of Tx,i and Tv respectively. 
Note that the notation Wa denotes a T^^ representation, whereas Wa denotes a represen- 
tation of its identity component T^j. 

Lemma 3.5. For x e M^, the isomphism W induces 

Ml nUx = T Xt, (Ann (s © t J © Wq) . 

In particular, [M°/S] is a Hamiltonian R-orbifold. 
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Proof. If V e Wa with a|T,.i 0, then Tv • v is at least one dimensional. Therefore 
T • a, v] = T Xt,. {{a} ® J^v) is at least (dimS + 2)-dimensional. If v 6 Wq, with 
air, 1 = 0, then T • a, v] = T Xj, (a v) = T Xj,. {{a} © a(Jx) ■ v) is exactly (dim S + 1)- 
dimensional since a(Tj) is discrete. The second claim follows from the fact that the 
symplectic structure of W restricts to the symplectic structure on V^o- □ 

Lemma 3.6. Let Mi to be the closure of M\ in M. Then Mi = M° U F. 

Proof. For each x e F, every neighborhood of x in Ux contains a point in M°, namely 
[t,v] where v e Wa where a ^ 0. And so the orbit of [t,v] is (dimS +l)-dimensional. 
Indeed T ■[t,v] = T Xy, a(Jx)v. Thus F c Mi. If ;c 6 Mi\(M° U F), then the T-orbit 
of X is more than (dimS + l)-dimensional. However, if y e M has an m-dimensional 
T-orbit, then for every point in Uy, its T-orbit is at least m-dimensional. This leads to a 
contradiction, and so we must have Mi c (Mj U F). □ 

Remark 3.7. For x e F, let be the closure of a connected component of Mj such that 
xeN, then Nr)Ux = T Xy, (Wo © Wa) for some a e Hom(T;t i,5^). This implies 
that [N/S] is a Hamiltonian R-orbifold. 

4. The Morse-Bott property and Injectivity 

We continue to use the notation from Section [2l [M/S] is a Hamiltonian R-orbifold 
with an R-invariant moment map [ju] : [M/S] x*. Let ^ e t be a rational element and 
let Ri c R be the image of Ti := {exp(?^), ? 6 1.} c T in R. In this section, we show 
that //^ : M ^ R is Morse-Bott for every rational ^ e t such that dim Ri = n + I. This 
naturally leads to the injectivity theorem for compact Hamiltonian R-orbifolds. 

Lemma 4.1. For any rational element ^ in t, the map ju^ : M ^ R is a Morse-Bott 
function. 

Proof. In order to show that CntQj.^) is a submanifold of M, by Lemma IX2l it suffices 
to prove that Crit(jU^) coincides with the submanifold which yields the Ri- fixed suborb- 
ifold in [M/S]. That is, following Remark [331 we must show that 

Q := CritOu^) = {x e M \ ^m\. 6 r,(Sx)}. 

By definition, Crit(jU^) = {x ^ M \ dxH^ = 0}. The equation dxfJ.^ = implies that 
[^m\x] = oJ^~\dxiJ) = in Yj^y Therefore the claim follows. 

Now we turn to non-degneracy. The function //^ is non-degenerate if its Hessian 
satisfies 

kcrH(jx^)x = TxQ. 
The Hessian is evaluated at a tangent vector Vx e TxQ by 

H{M^)x{Vx) = dxUvfi^) = £vidfi% = 0, 
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since djJlQ = and Vx 6 T^Q. Thus ker//(//^)v d T^Q. On the other hand, we may 
identify 

TxQ = {v, 6r,M|[^M,v]|,6r,(Sx)} 

= {vxeTxM\[^,v]\x = 0}, 

where and v are the local vector fields induced on J'.^. . Since = oT^idiJ), we 
have 

= To-\H{ii%{vx)). 

Therefore if e ker//(/i^)v, then [^m, v]|.v = 0, i.e. kerHQj)^ c T^Q. □ 

Remark 4.2. In particular, [/i^] : [M/S] R is an orbifold Morse-Bott function. By 
this, we mean that Crit([//^]) = [M/S]'^' is an orbifold, and \p.^] is non-degenerate. 

Remark 4.3. A further discussion of the local normal form for symplectic toric orbifolds 
may be found in UGHH . Section 2]. The ideas developed there motivated this project. 
In the case when M is the level set for an S-moment map on a Hamiltonian T- space X, 
our Lemma l4~n is exactly [ GHH, Lemma 2.2]. The remarks in the footnote following 
the local normal form theorem in UGHHi Section 2] also apply here. 

The following two lemmata are well-known. 

Lemma 4.4 (Atiyah-Bott over Q, c.f. Lemma 7. 1 [ITW2II ). Let E ^ F be a J-equivariant 
complex vector bundle over a connected J -space F. Let D and S be the T -equivariant 
disk and sphere bundle corresponding E with a choice of a 1 -invariant metric. Assume 
that 

(Ql) there is a subtorus Ti c T that fixes F pointwise, and acts non-trivially on the 
fibers. 

Then the J -equivariant Euler class ej(E, Q) is a non-zero divsor. In particular, we have 
the short exact sequence over Q.- 

H\{D, S ; Q) H[{D; Q) H[{S ; Q) 

The same claim holds over Z under a stronger assumption on the action of Ti: 
(Zl) there is a subtorus Ti c T that fixes F pointwise, and each weight 

is primitive whenever 4" 0. 
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Here recall that an element A of a. Z-module R is primitive if and only if A = aA' for 
a 6 Z and m' e R implies a = + 1 . 

Example 4.5. If axiom (Zl) is not satisfied, then the Euler class ej(E,Z) may be a 
torsion class in equivariant cohomology with integer coefficients. Let F be the Klein 
bottle, or any other space with 2-torsion in its integral cohomology ring. Consider the 
trivial bundle E = CxF ^ F, equipped with the circle action t ■ {z, f) = {f' ■z,f), for z 6 
C and f & F, which fixes the base pointwise and spins each fiber at double speed. Then 
H*i(F; = H*{F; Z) ® Z[x] and under this identification we have ej(E, Z) = 1 ® 2x. 
Let a 6 H*{F;Z,) be a 2-torsion class (i.e. 2a = 0), then a <8) 1 is an equivariant class, 
and 

or (8) 1 U ej(E, Z) = a (g) 1 U 1 (8) 2a; 

= a^2x 
= 2a ^ X 
= 0. 

Thus, ej(E, Z) is a zero divisor. 

Lemma 4.6 (c.f. Lemma 4.4. IlLTl ). Let / : M ^ R be a T-invariant Morse-Bott 
function on a compact manifold M equipped with an action of T. Choose [a, Z?] c R 
which contains a unique critical value c. Let F be the critical submanifold such that 
f{F) = c. Let E' be its J -equivariant negative normal bundle and D and S be the 
corresponding 1 -equivariant disk and sphere bundles. Then (M'j^,M~) can be retracted 
onto the pair (D, S) so that we have 

=mb: H*jiM-,,M;;Z) = H;{D, S ; Z) 

where M~ := f~\-oo,a). 

By Lemma |4n the following generalization of [|TW[ Proposition 2.1] obviously fol- 
lows from Lemmata 14 . 41 and |43l 

Proposition 4.7. Let c e M. be a critical value for p^ and let Fc be the set of critical 
points contained in (p.^)~^{c). Assume that 

(Q2) for each connected component F[. of Fc, there is a subtorus ofJ, that fixes F[ 
pointwise and acts non-trivially on the negative normal bundle E~\f'^. 
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Let 6 > such that c is the only critical point in [a, b] := [c - 6, c + e\. Then we have 
the short exact sequence over Q; 







//|(M-, M-- Q) H\{Ml- Q) H[iM-;Q) 



H[iD„S,;q) 



ueT(£-) 



H{{D,- Q) 



H'j{F,;q) 



where E~ is the negative normal bundle for and and S ^ are the corresponding 
T -equivariant disk and sphere bundles. 
The claim also holds over Z if we assume 

(Z2) for each connected component F[. of Fc, there is a subtorus ofl that fixes F[ 
pointwise and acts on the negative normal bundle E~\f'^ in such a way that each 
weight A 6 Hom(Ti, 5 ^) = Z*" is primitive (r > \). 

Remark 4.8. Note that the hypothesis (Q2) implies (Ql), and (Z2) implies (Zl). 

Remark 4.9. We can always choose a rational element ^ in t such that 

{xeM\ e T,{Sx)\ = {x^M\ e r,(S^), V^' 6 t}, 

or equivalently, [M/S]"' = [M/S]^. 

Theorem 4.10. Let F •={xeM\'[x = Sx] so that [MjSf = [F/S], and leti:F^M 
be the inclusion map. Then the induced map i* : Hj{M, Q) Hj(F, Q) is injective. 
Equivalently, the induced map i* : H^([M/S], Q) ^ //p([F/S], Q) is injective. 
Moreover, if 

(Z3) for each connected component F' of F, each weight of the action ofJp' on the 
normal bundle v(F' c M) is primitive 
then i* : Hj{M, Z) Hj(F, Z) is also injective 

Although the proof is analogous to the proof given in PTWI . we include the complete 
proof of injectivity here so that we may observe that the proof works in this orbifold 
set-up, and under certain conditions, it holds with Z-coefficients. 

Proof. For each connected component F' of F, the group Jf> := i, for some x 6 F', 
is the maximal global isotropy subtorus of T for F' by Lemma 13.41 Each weight of 
the action of T^' on the negative normal bundle £ If is non-trivial, which implies the 
condition (Q2) in Proposition |4]71 Therefore all lemmata and proposition in this section 
hold for our setup. 

Let ^ is a generic element in t and Ci < ■ • ■ < c„ the critical values for p^. Choose a 
small 6 > such that c, is the only critical value in [a,, bt] := [c, - e, c, -I- e], V/. 
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Let M- := (ju^)-\-oo,ai), M" := (ju^)-\-cx,,bd, and F,, := F n (ju^rHci). We will 
prove that the restriction map //^(A/^) Hj{F n M^ ) is injective for all / and then the 
theorem follows from the case i = n, i.e. M^J = M. We have the following commutative 
diagram with the exact horizontal rows: 

^ H'^{M-^_,M-.) ^ ^ H'^iM-^) ^ 

Y 

^ H'^iF nM-,,Fn M-^) ^ H'^(F n Ml) ^ H'^(F n M-.) ^ (4.1) 



The top sequence is exact by Proposition 14. 7[ and the second is clearly exact. The 
vertical maps are restriction maps and we prove that they are injective by induction. 
The base case of the induction is trivial since is empty. Now, the last column can 
be identified with H*-,{MlJ ^ H*-,{F n M"^) by using H*^{MlJ =^o,not H*^{M-). The 
map ji is injective because it is the map in the Proposition 14.71 

H!,(M-,M-) ^H[{M-) 



H'-\F,) 



ueT(£,-) 



H'j(F,) 



(4.2) 



The map fij in Diagram (14.11) is injective by the induction hypothesis. Hence, by the 
Five Lemma, the middle map is injective. 

If (Z3) is satisfied, then Proposition 14.71 holds with Z coefficients, and the above 
argument carries through with Z coefficients. This completes the proof. □ 

Remark 4.11. We will show that the toric orbifolds with the maximal torus R-action 
satisfies the condition (Z3), and so Theorem l4. lOl holds over Z. Following Example |4. 5 [ 
if we let F be any manifold with 2-torsion in its integral cohomology, and let S ' act on 
F X CP^ by fixing F pointwise and rotating CP' at double speed, then (Z3) fails, as in 
Example 14. 5 [ a certain Euler class will be a zero-divisor and 

i* : , (F X CP' ; Z) ^ //* , ((F X CP' )^ ' ; Z) 

is not injective. Indeed, if a is any 2-torsion class in H*(F; Z), then 

a (8 1 e //*(F;Z)®//;i(CP';Z) = //^.(F x CP';Z) 

is in the kernel of /*. 
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5. Generalizing Tolman and Weitsman's proof of the GKM theorem 
We need the following technical lemma, which generalizes Lemma 3.2. HTWL 

Lemma 5.1. Let E be a T-equivariant complex vector bundle over a manifold F with 
an action of T. Assume that [F/ S] is an orbifold and Vx e F, T = Tj^ ■ S. Assume 
that Tjcj is independent ofxeF. Let E := ^^Ea be the weight decomposition of the 
l^ i-action. Then over Q,for each rj e Hj{F), we have 

Ifri is a multiple ofej{Ea)for all a, then ij is a multiple of Uq, ej(Ea) = ej(E). 

If we assume Tx is connected for all x e F, this statement also holds over Z. 

Proof. First we prove in the case when [F/S] is 0-dimensional. Over Q, we have the 
sequence of isomorphisms, 

H*j(F) = H*(EJXtF) 

= H\Blx X £(S/S,) Xs/s. F) 
= H*iBTx) 
= //*(5Tv,i) 

= Sym(Hom(T;,,i,5^)®Q) 
= Q[ai, ■ ■ ■ ,an]. 

The equality in the second line holds because S/S^ acts freely on F. Via this identifi- 
cation, ej{Ea) = a"" where n^ is the rank of Ea- Since a's are all distinct and non-zero, 
all GjiEaYs are pairwise relatively prime. Hence rj must be a multiple of Ua.ej(Ea,) 
since Q[ai, ■ ■ ■ is a unique factorization domain over Q. Over Z, the same argu- 
ment works as long as we have Ht{F,Z) = Sym(Hom(T^- 1, 5 ^)) = Z[ai, ■ ■ ■ ,«„]. This 
happens precisely when is connected. 

When [F/S] is not 0-dimensional, we still have, over Q, 

Hj{F) = HiEJ Xt F) = H{BJx,i x £(S/S,-,i) Xs/s,, F) = Hj jpt) ® //(F/S). 

Define the F-degree by Hj{F) = . Hj^ , (pt) ® //'(F/S), a = 2,- Then eT(F„)o = 
a"" since the class is determined by pulling back Ea via {x} ^ F. The remainder of the 
proof is purely algebraic and so the argument in HTWl p. 8] can be followed verbatim. 

Over Z, the above arguments works if Hj{F) = Hj^^{pt) ® //(F/S). This happens 
exactly if is connected for all x e F. □ 

Let [M/S] be a compact, connected Hamiltonian R-orbifold where S T ^ R is 
the torus extension such that T acts on M extending the S-action. The corresponding 
maps of Lie algebras are 5 t ^ r. Let i : F M and j : F Mi be the inclusion 
maps. 



16 



TARA HOLM AND TOMOO MATSUMURA 



Remark 5.2. Let A'^" be a connected component of M\, and let N be its closure. Then 
\_NIS\ is a Hamiltonian R-orbifold with the moment map induced by the map ji\f^ : 



i* , the restriction of the original fx : M ^ i* (see Remark IXTl) . If the injectivity theorem 
holds over Q (resp. over Z) for M, then it also holds over Q (resp. over Z) for A^. This is 
because the conditions (Q2) (resp. (Z2)) for M imply the ones for A^. 

We now turn to the constraints on a class restricted to the fixed point set. Using a 
component of the moment map to order the critical values, at the first fixed set where a 
class is non-zero, its restriction must be a multiple of the equivariant Euler class of the 
negative normal bundle. 

Proposition 5.3. Choose a generic ^ 6 t and let Fc be a connected component of the 
intersection F n f~^{c), where f := [J and c e R is a critical value for fj.^. Let (a,b) 
be an open interval containing the single critical value c. Let M'^^ := M\ n /"'(-oo, b) 
andF- := F n f^\-oo,a). Then ifj] e //;(M~^,Q) satisfies r]\F^ = 0e H*j(F-,Q), we 
must have that rjlp^ is a multiple ofej(E~) e Hj{Fc, Q), where E~ is the 1 -equivariant 
negative normal bundle ofF^ in M. 

Moreover, the claim holds with integer coefficients if 

(Z4) the isotropy group 1^ is connected for all x e F, and each weight of the Tr- 
action on the normal bundle to F at x is primitive for all x e F 
(i.e. (Z3) is satisfied). 

Remark 5.4. The hypothesis that T^^ be connected is a natural one. This hypothesis may 
be exploited to extend a variety of rational cohomology results to integral cohomology 
in equivariant symplectic geometry. This is discussed in work in progress by the first 
author and Tolman [HTJ. This hypothesis also arises in the work of Franz and Puppe 
HFPi Theorem 1.1; and Examples 5.3 and 5.4]. 

Proof. There is a connected component A^° of such that its closure A^ contains F^ 
since if F^C^N <p, then Fc <z Nhy Lemma [3^ If ri\p- = 0, then t/Uof- = Tirm- = 0. 
In the proof of Theorem 14. 1 01 for the R-action on [A'^/S], in the middle of the induction 
step we have the injection Hj(N~) '-^ Hj{F n A^^). Hence tjIpcn- = implies t]\n- = 0. 
Apply Proposition 14.71 to the T-action on A^: we obtain a short exact sequence and a 
commutative diagram 

— . h{(N;,n-) — - Hi,(N;) h\{N-) — ^ o 

where Ej^^ is the T-equivariant negative normal bundle of F^. in N. The exactness and 
the commutativity of those diagram implies that any element in the kernel ker^S is a mul- 
tiple of the equivariant Euler class eT(£'^^) when it is restricted to Fc- Thus by Lemma 
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15. II above, we are done. 



We have now established the preliminaries necessary to prove the orbifold version of 
Tolman and Weitsman's version of the GKM theorem. 



Theorem 5.5. In the diagrams 
M Ml 




take H* 



Hj(M) 



Hj{F) 



we have Im /* = Im / over Q. In particular, Hj{M) = Im j*. If we assume that is 
connected for all x e F and that the weights of the T^^i-action on the negative normal 
bundle (for a generic /J) are primitive for all x e F, the claim also holds over Z. 

Proof. We have proved all the preliminary claims needed, so the proof goes through 
exactly as in [|TW[ p. 8-9]. We proceed by induction on the index / = 1, ■ • ■ ,n, where 
the critical values c, are ordered so that ci < • • • < c„. Let (a,b) be an open interval 
containing only c,. Consider the following map of short exact sequences, using the 
notation from Proposition |53J 



— ^h;{m~,m-) 







kerr*|in, 



H*j{M-) 



h;(m-) — -0 



Im j-* 







where r : M^^^ M^^ is the obvious inclusion. The third vertical map is surjective 
by the inductive assumption. The surjectivity of the first vertical map follows from 
Proposition 5.2. The surjectivity of the middle vertical map then follows by a diagram 
chase analogous to the one in the Five Lemma. □ 



6. GKM COMPUTATIONS FOR TORIC ORBIFOLDS 

In this section, we compute the R-equivariant cohomology of [M/S] for compact 
symplectic toric orbifolds. We show that it is isomorphic, with Z-coefficients, to the 
Stanley-Reisner ring of the corresponding moment polytope. This generalizes the case 
of smooth toric manifolds. This result should also follow from an argument using the 
moment angle complex, since the moment angle complex only depends on the com- 
binatorial type of the polytope (see HBPH . dPl). Nonetheless, we will now apply our 
techniques to obtain the following. 

Theorem 6.1. Let S be an (m — n)-dimensional subtorus of the m-dimensional torus T 
which acts on C" coordinate-wise, and let ij.s : C" ^ s* be the induced moment map 
of the S-action, so that M := /igH^) is a compact manifold, for a regular value t] e s*. 
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Let A be the moment poly tope of the compact toric orbifold obtained as the symplectic 
reduction C'"//S = [M/S] at the regular value rj. Then 

//r(C'"//S,Z) = SR(A) 

where SR(A) is the Stanley-Reisner ring of the polytope A. 

The (ordinary) Chow of an algebraic toric orbifold has been computed by Iwanari 
(H as the quotient of the Stanley-Reisner ring by linear terms. The ordinary integral 
cohomology H*{X;Z) need not be the quotient of the Stanley-Reisner ring by linear 
terms. As discussed in [HI after the proof of Theorem 4.2, the integral cohomology of 
a direct product of two identical weighted projective spaces has torsion in odd degrees, 
whereas the Stanley-Reisner ring can only contribute to even degrees. This is explored 
further in LLMML 

6.1. Stanley Reisner ring and the direct sum decomposition. Let A be a simple poly- 
tope of n-dimension. We let denote the associated simplicial complex whose vertices 
are the facets of A, and a collection of vertices is a simplex in K^^ if and only if the cor- 
responding collection of facets in A has non-empty intersection. The Stanley-Reisner 
ring SR(A) of A is defined as the Stanley-Reisner ring SR(^a) of the simplicial complex 
associated to A. Namely, 

CD/' A\ • • • , Xfn] 

bK{A) .- — ■ 

where m is the number of facets of A. We define the ring 

V vertex of A 

Z[Xii ' • • • ' Xin IK = ih,-- - , in}], 

V vertex of A 

where {Hi, • • ■ ,H,„} is the set of facets of A and //* is the facet of corresponding to 
the vertex v of A. We define a subring of R by 



Ra: = 



(Pv,,--- ,Pv,) 



Pv\xj=Q - Pv'\xi=0 

V edge (v, v') in A, 
where j e H;\H;, i e HI,\H; 



This ring R^ is the algebra of continuous piece-wise polynomial functions on the fan 
canonically defined by the simplicial complex and is well-known to be isomorphic 
to SR(A) via 

..(K.,...,K,,,w.e.e 

See, for example, (Brl §1.3], [|BRl or [El. 
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6.2. Injectivity over Z for toric orbifolds. We recall the construction of symplectic 
toric orbifolds in BLTII . Let A be a simple integral poly tope in R.". We may identify 
R" = r*. Let 'H = {Hi, ■ ■ ■ , H^} be the set of facets and pi, • • • ,Pm 6 2" the primitive 
inward normal vectors to facets and let Z^i, • • • , b,„ 6 Z>o be positive integers that label 
the facets of A in the sense of flLT]. The poly tope is given by 

A = |v e R" I (bipuv) + T]i>0, / = 1, • ■ • ,m) 

for some rj := (77,) e R". Let B := [ bipi \ ■ ■ ■ \ bmPm ] 6 Mat„xm(Z). Suppose that the 
transpose 'B ■.71' ^ Z'" has free cokemel so that we have a short exact sequence 

A R 







. 



The matrix A e Matm_m-n(Z) is given by choosing a basis of ker(5). Now applying 
Hom(-, S we get an exact sequence of tori 



1 



g(m-n) 



J(m) 



R(«) 



1 



and the corresponding exact sequence of Lie algebras 







Jm-n) 



t('«) 



y(n) 







Let /7 : C" s* be the moment map for the action of S defined by the standard T-action 
on C™ through the exact sequence above. This sends (zi, ■ • ■ ,z„,) e C" to 

|2 







_ \Zm? _ 





fliilziP + 

^l,m-nlZlP + 



+ O-ml \Zn 



where 'A = '(a,-,) 



!</</)! 



+ Clm,m-n\Zm\ 

The orbifold [M/S^™""^] corresponding to the labeled poyltope 



(A, b) is given by reduction at 77' : = 'A • 77 6 5* . Namely, 

Lemma 6.2 ([|CT1, proof of Theorem 8.1). Let v = Hj^ n ■ ■ ■ n H,^ ex* = R" be a vertex 
of Is.. Then the corresponding fixed orbifold point in [M/S] z^' given by [F^/S] where 

= {(Zl, • • • ,Z,n) 6 C" I = C5 • V + 7/),-, 7 = 1, • • • , 7n}, 

and ('B ■ V + rf)i = if and only ifi = z'l, • ■ ■ , z„. For each x e Fy, the isotropy group 
is a subtorus ofl 

'^x = [{tu • • • , U 6 T I = 1 Vz e [m]\{zi, ■ • ■ , z,,}) . 
/n particular, the isotropy If,. ofFy equals Txfor every x e Fy. 

Proof. This follows from the proof of Theorem 8.1 in PLTL Since a vertex v e A c R" is 
given by n equations (bi.pi, , v) + 77,-, = 0, • • • , <Z7,„Pi„ , v) + 77,,, = 0, we have ('5 • v + t/),- = 
if and only if z = z'l, • • • , z„. □ 
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The local normal form around a point in is given by 

Up^, = T Xt^ W, where H^ = C- — e---eC- — 

dzi, dzi„ 

and the weight of C ■ = 1, • ■ • ,nis e Hom(Tf, , 5 ^) defined by /IjjCO = for 
? 6 If. Therefore, the action satisfies hypothesis (Z2). Thus Theorem 15 . 5 1 holds over Z. 

Proposition 6.3. The restriction map Hj{M,Z) Hj(F,Z) is injective where F is 
the union of F^, 's for all vertices v 6 A and its image coincides with the image of 
H*j(Mi,Z) H*j(F,Z). 

6.3. The 1-skeleton and GKM computations. Recall that H*. is the facet of the asso- 
ciated simplicial complex corresponding to a vertex v of A. For each edge (v, u) of 
A, we have \Hl r\H*J = n - \. Letting {a} = //*\//* and {b} = Hl\Hl, the corresponding 
component of the 1-skeleton is 

Nv,u = [izu--- ,z,n) eC" \\zk\^ = svk + {I- s)uk, s e [0,1]}, 

where v = - v + rj. Therefore, (zi, ■ • ■ , Zm) 6 A^;.,„ is given by 

\Zk\^ = ^keHlnn:, 
\Zb\^ = svb 4^ 0, 

\Za^ = (1 - s)Ua + 0, 

\zi^ = sv, + (\ - s)ui MUHlVJHl. 
By getting rid of the parameter s, we can also write Nu,v as 

\zk? = ^/keHlnHl, 

k/P = ^v/ + (l-^)M,^0 miHlvjHl 

Vb Vb 

The pair (C™, A^v.w) is T-equivariantly homotopic to the pair 

We have the following short exact sequence (cf. Theorem 4.2 [|Hl|) 

^ Hi^,^,ic\s''-') ^ //;,./c^) ^ Hi^,^,is^'~') ^ 0. 

By applying the Kiinneth formula, we obtain a surjection HjiC") Hj(Nv^u)- 
Lemma 6.4. The inclusion n' : A^,,,w '-^ C'" induces a surjective map 

n'* : ^ h;(n„j. 



EQUIVARIANT COHOMOLOGY OF ORBIFOLDS 



21 



Furthermore, since C" equivariantly retracts to {0}, by the commutativity of the diagram 

El Xt C" 

homot 

5 

EJ Xt A^v,» BJ 

n* is surjective. 

Now consider the diagram 



ET Xt (N,J 



ET Xt F, u ET Xj F„ 
Taking cohomology with Z coefficients, we obtain 

Hj{N,,u) 



Bl 



where //* = {ii, ■ ■ ■ ,in~i,a} and //* = {/i, • • • ,in-i,b}. The image of i* consists (pv,Pu) 
such that PvIav,=o = PMljcfc=o- Thus the image of Hj(Mi) in Hj(F) is 

/'vl:c;=0 = Pv'\xi=0 

(Pvi , ■ • ■ , Pv,) e V edge (v, v') in A 

where {j} = //:\//:, {i} = HIAH; 

which coincides with defined in Section 16.11 Thus we may conclude that the R- 
equivariant cohomology of the toric orbifold [M/S] is isomorphic to the Stanely-Reisner 
ring of A. This completes the proof of Theorem |6.1[ 



7. R-EQUIVARIANT ChEN-RuAN ORBIFOLD COHOMOLOGY OF [M/S] 

We now turn to R-equivariant Chen-Ruan theory. When R is the trivial group, our def- 
initions agree with the usual non-equivariant ones liCRll . After defining the R-equivariant 
Chen-Ruan orbifold cohomology ring of the R-orbifold [M/S], we survey the literature 
on this topic which motivates our definitions and results. The inertia manifold for the 
locally free S-action on M is defined by IsM := Uges where M^ is the set of fixed 
points by the subgroup (g) generated by g. This disjoint union is a finite union, since 
M is compact and the S-action is locally free. There is also an induced T-action on M, 
which allows us to define the Hamiltonian R action on the orbifold 

J[M/S] := y [MVS], 



22 TARA HOLM AND TOMOO MATSUMURA 

called the inertia orbifold. We may then define the R-equivariant Chen-Ruan coho- 
mology of [M/S], as a vector space, to be 

Horb,Rm/S]) := Hj(IsM) = 0//t(M«) = 0//r([MVS]). 

geS geS 

Let M^''' := n M''. The normal bundle Nmscm of in M is then a T-equivariant 
complex vector bundle, with weight decomposition 

Nmscm = Wa. 

ieHom(te>,Si) 

Define an element Sg of the T-equivariant (topological) ^-theory Kj(M^) Q of M^ '' 
over Q by 

AeUomi{g),S') 

where a^(^) e [0, 1) is the age, defined by A(g) = e^™^^). Following llEJKllJKKl . define 
the equivariant virtual bundle fiMig, h) as an element of Kj(M^''^) ® Q 

Since H := {g,h) acts on each tangent space T^^M and Tj^M/TjcM^-'' for x e M^''', we 
have the decomposition 

Nms.I'cm = Wa. 

AeHom(H,S^) 

Since the T-action commutes with the //-action, this decomposition is T-stable; that is, 
each Wa is a T-equivariant complex vector bundle. Then we may show that 

'RM{g,h)= Wa. 

Thus 'RMig, h) is actually represented by a T-equivariant complex vector bundle. This 
is the version of the obstruction bundle introduced in fiBCSil . Since K{g,h) is a T- 
equivariant complex vector bundle on M^'^ we take the T-equivariant Euler class to 
define 

CM{g,h) := Qj{nM{g,h)) 6 Hj{M^\ 

called the virtual class. We define the R-equivariant orbifold product on Horb,R{{.MIS>\) 
by the usual pull-cup-push formula. Namely for 77 6 Hj(M^) and ^ e Hj(M''), 

r]Q^ ■=e,{e\T]Ue*2^UcMig,h)), (7.1) 

where e^, 62, and e are the obvious inclusions of M^''' into M^, M'\ and M^'' respectively. 
For the definition of the equivariant pushforward e^, see for example HABU Section 2. 
The associativity of this product follows immediately from the proof of the correspond- 
ing associativity in non-equivariant case in HBCSi iGHKl iJKKil . For rj e //''''(M^), the 
rational grading is assigned by degQ?7 = \rj\ + 2 ■ age(^), where age(^) := rank^S^. It 
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follows immediately that the product is rationally graded. If one of g, h, or gh is the 
identity, then the obstruction bundle has rank and so it is easy to see that Hj{M) sits 
in //*^^ r([M/S]) as a subalgebra. In particular, //*,.,^ p([M/S]) is a Hj(pt)-&\gehm. 

Theorem 7.1. //*^^ ^{[M/S]) is a rationally graded, associative, Hj{pt)-algebra. 

The usual Chen-Ruan orbifold cohomology groups of an algebraic orbifold X are de- 
fined as a vector space by H*{IX), where IX is the inertia orbifold. The orbifold prod- 
uct is the usual cup product which is then deformed by the Euler class of the obstruction 
bundle for the corresponding Gromov-Witten theory f AGV. Section 6]. The obstruc- 
tion bundle for algebraic toric orbifolds has been computed by HBCSB and adopted for 
symplectic orbifolds by [|GHKJ following the original definitions in HCRII . The most 
recent formula for algebraic orbifolds that are global quotients by algebraic groups can 
be found in llEJKl . 

If X is an algebraic G-orbifold, there is an induced action on the obstruction bundle 
defined in [AGVJ, and the G-equivariant Chen-Ruan cohomology ring can be defined as 
the equivariant cohomology groups of the inertia orbifold together with the orbifold cup 
product deformed by the equivariant Euler class of the obstruction bundle lUl Section 
2.2.1]. On the other hand, the obstruction bundle defined in HCRM for a symplectic 
G-orbifold is also naturally G-equivariant. In the case of the symplectic R-orbifolds 
considered in this paper, the formula in UGHKH derived from the definition in [CR] is 
R-equivariantly valid. The argument in UGHl Appendix A] can be made equivariant. It 
is also possible to verify that the computation done in HBCSH is valid R-equivariantly. 

8. Injectivity theorem for equivariant Chen-Ruan orbifold cohomology 

The ring //*^.^ p([M/S]) is not functorial: a map between spaces may not induce a map 
on Chen-Rual orbifold cohomology rings. In particular, the inclusion of the fixed points 
[F/S] [M/S] does not induce a map in Chen-Ruan orbifold cohomology. Thus we 
introduce a new ring A/''Hr(v[F/S]). Recall from Section ITTI that 

F •=[xeM\'[ ■x = S-x] 

is a submanifold of M, and the suborbifold [M/S]'^ of R-fixed orbifold points of [M/S] 
is exactly [F/S]. The ring A/^'Tf r(v[F/S]) will be defined for the normal bundle of [F/S 
in [M/S]. This new ring is defined only using the fixed points and isotropy data at the 
fixed points. 

Definition 8.1. As a vector space, we define 

7V<HR(v[F/S]):=0//T(i^^). 

The rational grading is defined with an age shift, exactly as in the previous section. 
We have the natural restriction map from //or/,,R([M/S]) to N'Hn{v{F IS\) and in or- 
der to make it a ring homomorphism, the product must be defined appropriately in 
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U9iR(v[F/S]) using a push-cup-pull fomiula. Let G(g,h) be the excess intersection 
bundle &(g, h) = A^m«,Acms'>If«.'' © Npg},^pgh for the diagram 

□ 

ps,h 5^ pgh 



Define 



n'p{g, h) := ^Mig, h)ys, e G(g, h), c'^ig, h) -.= ejiKis, h)). 

The product ★ on N'HnivVFIS]) is defined for a e Hj{F«) and b e Hj{F^) by a ★ Z? := 
/* U f^b U c'p{g, h)j where /i, /i, / are the obvious inclusions of F^'^ into F^, F^ 
and 

Theorem 8.2. (A/''Hr(v[F/S]), ★) is an associative graded ring. 
Proof. Let g,h,m£ S. Denote all relevant inclusions by 

^ ps^ 

U 

^ pgh,m ^ prghm 




and 



pg 



pg' 



•hm 
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Let us calculate 

(a'kb)'kc = h{fU,{flayjf*byjc'p{g,h))yjf;cyjc'p{gh,m)) 

by definition; 

= h ((A* {f if I a U f^b U c',(g, h)) U 6) U f;c U c'pigh, m)) 

by the excess intersection formula; 
= {ffla U ff^b U fc'pig, h)Ue)U f;c U c'^igh, m)) 

because pull-back commutes with cup product; 
= /* ((A, U %b U fc'pig, /z) U e) U f;c U c'p{gh, m)) 

because /j = /i o and = /2 o 0; 
= /*^^* U U (p*c'p(g, h)U eU i/f*f^c U {jj*c'p{gh, m)) 

by the projection formula; 
= Uil/. (7la U U %c U <^*4(g, /i) U 6 U il/*c'p{gh, m)) . 

In the last line, we denote e := ej(E) where the bundle 

E '. — N pg,h(2pgh\pg,h,m eNpgj, ,m(2pgh,m 

is the excess intersection bundle corresponding to the square in above diagram. Now 
<p*c'p{g, h)VJ eVJ ^*c'p{gh, m) is the T-equivariant Euler class of 

f CRMig, h)\pg., e 6(g, h))®E® f CRMigh, m)\pg,^ ® Sigh, m)) 

where we omit \pg,h^ everywhere, and the only non-obvious cancellation uses 

Sg®Sg-i = TMeTM^. 

The final form is symmetric in {g, h, m), establishing the associativity of □ 
The following is an immediate generalization of the product to an n-fold product. 

Corollary 8.3. For a, G Hj(F^'), i = 1, • • • ,n,we may define an n-fold product by 

ai ★ a2 = f* U /2a2 U • • • U /„a„ U ej (^^(gi, • • • ,gn))) 

where : F^^''"'^" F^' and f : F^^'"'^" F^^' are obvious inclusions and the 
obstruction bundle is given by 

n 

%igU ■■■ ,gn)-= eNpgi,-,gn^Fnsi e NmUsicM ® ^ © »S(ng.)-i. 

(=1 
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The inclusions i : ^ for all ^ 6 S altogether induce a rationally graded linear 
map I : //p^^ r([M/S]) — > //'Kr(v[F/S]). Consider the diagram of obvious inclusions: 



Am 



Af 



fgh 



The map J is a graded ring homomorphism if 

ne.(Al,(Tj^^)Ucj(g,h))) = MAUiui2nrj^^)(Jc'j(g,h)) 

Since Cj(g, h) = ficjig, h)) U eT(fi(^, h)), the equality follows exactly from the excess 
intersection formula. Thus, combined with the injectivity theorem, we obtain 

Theorem 8.4. The natural map I : {Horh,ni{MIS]),Q) (N9{R(v[F/S]),-k) is a 
graded ring homomorphism. If the J -action on M satisfies the condision (Q2) ( resp. 
(Z2)), then this homomorphism is injective over Q (resp. over Z). 



9. Examples: compact symplectic toric orbifolds 

9.1. Fullback and pushforward maps for inclusions of polytopes. In this section, 
we collect the notions of puUback and pushforward maps of Stanley-Reisner rings. Let 
A be a simple poly tope with m facets Hi,-- - ,Hm. For t 6 j^a, let G = (^iEjHi be an 
{n - r)-dimensional face of A. Then G is also a simple polytope and the corresponding 
simplicial complex Kg is isomorphic to the link ^a,t of t in ^a, namely, ^a,t := {ct c 
[m]\T I cr U T € ^a}- Let K^ r * r be the joint of ^a,t with the simplex t, namely 
Ka,t * t := {cTi Uo-2 CTj G ^A,T ^nd 0-2 c r}. Then 

SR(G) := SR(iS:A,r * T) - "'""m ^t-x - ^^^^^ ® ' ^ 

{x^ I cr C [m]\T, cr U T G Aa) 

where := llieo--*^!- If G' = f^i^rHi be a non-empty face contained in G, i.e. t c t', 
then naturally ^a,t' * t' is a subcomplex of ^a,t * Thus there are natural puUback and 
pushforward maps on the Stanley-Reisner rings: 

{iccT : SR(G) ^ SR(G'), Xi ^ (ice)* : SR(G') ^ SR(G), 1 ^ x^^\ 

The pushforward is determined by the image of 1 since the puUback map is a surjective 
ring homomorphism and the pushforward is a homomorphism as SR(G)-module where 
the module structure on SR(G') is induced by the puUback map. 
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9.2. Equivariant Chen-Ruan orbifold cohomology. We use the notation from Sec- 
tion [6l Let ju : M ^ r* be the moment map for the toric orbifold [M/S] so that 
fi{M) = A. Recall from [LTJ that 'B ■ {) + rj embeds A into t*, and M is defined as the 
preimage of A' := 'B(A) + rj under the standard moment map JI : C" t*. The moment 
map is the composition of Jl with the inverse of 'B-{) + j] restricted to A' : = 'B- (A) + rj. 
The faces of A' are given by the intersections of A' and the coordinate planes in t* = R". 



Lemma 9.1. Let G 

stabilizer J ^-i(^Qj offi~^(G) in T is 



n Hj^ be an (n - r)-dimensional face. The global 



h-HG) = {(h, •••,?„,) 6 T I tj = 1, V? e [m]\{ji, • • • j,-}} = | | if,,. 

v: vertex of G 



n 



Furthermore Ht(ju-\G)) = SR(G). 

Proof. By definition, we have lu'^G) = {z e C"' | Iz,p = CB-v + 77),-, \ < i < m, v e G}. 
Thus z 6 ii~^{G°) if and only if Zi = for / 6 { ji, • • • , jV}, where G° is the relative interior 
of G. The second claim follows from the similar calculation as in Section [6l □ 
Let g := (^1, • • • ,gm) e S c T. By the lemma above, = /u'^Gg) where Gg is the 
union of faces G such that Tp-i(G) contains g. Let ag := {/ | gi = l},bg := {/ 1 gi 1} c 



,m 



Then g e T^-1(g) if and only if bg c {ji, - ■ ■ , jV}. Therefore we have 



Lemma 9.2. Gg = f].^-^ Hj. In particular, H^{M«) = SR{Gg). 



Now the intersection of and M" is given by Af^ n M" = yu ^(Gg n G/J where 
GgnGh = Oieh^ub,, ^i- Thus the normal bundle of M?-'' in M is given by .^^ C • |- 

Let Ai 6 Hom(T,5i) such that Ai(t) = ti and define < Mg) < 1 by Ai{g) = e^^'-'^-'^K 
Thus the obstruction bundle and the virtual class are 

d 



n{g,h)= 



3,te)+J,-(A)+J,-((gA)-l)=2, 



• — , and cj{g,h) = 

dzi 



n 



3,(s)+3,-(A)+i,-((jA)-')=2, 



• "I- and its Euler class 

OZi 



The normal bundle of M^'' in M^'' is given by fft . ,r , ,r 
is nie(5juS,,)\5jA -^i- The equivariant Chen-Ruan cohomology space is //R,or^;([M/S]) = 
®ges where SR(Gg) : = if G^ = 0. Since the puUback and pushforward maps 

of the equivariant cohomology agree with the ones on the Stanley-Reisner rings, we find 
that the product is given by 



\g O \h 



n 



iebgUbfj 



virtual class 



Euler class of 
noma! bundle 
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where 1^, U and Igh are the identities in the corresponding Stanley-Reisner ring. The 
product • on the right-hand side can be defined as the product in Z[xi, • • • , x,„], and each 
sector is generated by the identity element as a Z[xi, ■ ■ ■ , jc^j-algebra. Thus the above 
formula is enough to compute the general product. 

9.3. Demonstration of computations. In this section, we present two computations, 
namely the weighted projective spaces in dimension 2, with weights (1,1,2) and (1, 2, 4). 

9.3.1 . The weighted projective space P^j j Consider the following polytope with facets 

Hi, facet labels all (implicitly) 1, and the corresponding primitive inward-pointing nor- 
mal vectors p, to the facets. 



(0,2) 




(0,0) * Hi ' (0,1) 



The polytope is given by 

A = {veR2|<p,.,v)>-77,-, j= 1,2,3} 

0-2 1 
1 -1 



' 1 
1 

. 2 ) 



where (7/1,7/2, ^/a) = (0, 2, 0). The corresponding matrix 5 is I T T ^1 and A is 

Thus M is given by |ziP+Iz2p+2k3p = 2 in and S = {{t, t, f-)\te U(l)} c T = \]{\f 
The only elements g of S such that Gg is not empty are 

(1,1,1) (-1,-1,1) 

and the corresponding bg, Gg, Kq^, Kq^ * bg, Ai and ages are given in the following table 
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Kg 


Kg, * bg 








2age 


1:= (1,1,1) 




A 




Ka 














:=(-!, -1,1) 


{1,2} 


• 


4> 


•— • 


1/2 


1/2 





2 



(9.1) 



Thus 



HcRflim/s]) = 



l[xi , X2, Z[xi , X2, x^] 



{XiX2Xi} 



The following is the table of the multiplications between li and Ic 





u 




ll 


ll 




la 


1. 


(1) • (JC1JC2) • ll 



(9.2) 
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9.3.2. The weighted projective space P^j ^ Consider the following polytope with facets 
(Hi,H2,Hi,) and with the labels (1, 1,2) respectively, and the corresponding primitive 
inward-pointing normal vectors p, of facets. 



(0,2) 




(0,0) Hi (0,1) 



«='(-2,-l). 



PI ='(0,1) 



P3='(l,0) 



0-2 1 

The corresponding matrix 5 is ( ^ _ ^ ^ | and A is 



^ 1 ^ 
2 



V 



4 ) 



. The hyperplanes defining 



A is still given by (rii,r]2,r]) = (0,2,0). Thus S = {(t,t^,t^)} and M is given by the 
equation \zi\^ + 2|z2p + 4|z3p = 4. The corresponding bg,Gg,KGg,Kog * bg,Ai and ages 
are computed in the following table. 
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Kg 


Kg, * bg 


^1 


^2 


^3 


2age 


1 = (1,1,1) 




A 


Ka 


Ka 














^ = (VT,-i,i) 


{1,2} 


• 




•— • 


1/4 


1/2 





3/2 


^' = (-1,1,1) 


{1} 


•— • 


• • 


• • • 


1/2 








1 


^3 = (-vr,-i,i) 


{1,2} 


• 





•— • 


3/4 


1/2 





5/2 



Thus 



Hcrr([M/S]) 



:[Xi,X2,X3] ^'L{XuX2,X3'\ ^Z[Xi,X2,X3'\ ^Z[Xi,X2,X^\ 



{XiX2Xz) 



{X2X3) 



{X3} 



The following is the table of the multiplications of li, 1^, \ f, 



g\h 


li 






1^^ 


li 


li 


u 










(1) • (X2) • 1^2 




(1) • (XIX2) ■ ll 








(l)-(xi)-li 


(xi)-(l)-lf 






(1) • (X1X2) ■ u 


(Xi)-(l)-lf 


(Xi) • (X2) ■ \f 



(9.3) 



9.4. Presentations of //R,or&([^/S]) as a subring. From our main result, //^ ^^^([M/S]) 
is a subring of 

A^'HR(y[F/S]) = 00 Z[x,-, / e v] = {(p,)^^,, , e Z[x,-, / e v]) 
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where v corresponds to v by v = Pljev ^i- Note that v & Gg <^ bg \. The product 
(Pv)fe^cv * ^P^\<zy, ^ 0fe,,cu ^t-*" * ^ '^^^ computed by its M-component 



= Pu-qu- 



n 

Ai(g)+Ajih)+\(igh)-l)=2, 



Vie(i)„u6;,)\fo„;, 



if U c u and otherwise is zero. 
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